INTRODUCTION

Prediction
of fan noise continues to be an integral part of the efforts aimed at analysis and suppression of turbofan engine noise.
To that end, a number of schemes have been developed to calculate the contribution of various fan-associated noise sources. But, whether the goal is to predict rotor inlel noise (e.g., Mani 119731), cascade self-noise (e.g., Glegg [1996] ) or rotor-stator interaction noise (e.g., Envia et. al, 119961), all of these schemes are predicated on computing the acoustic response of a blade row to incident flow perturbations.
In strictly non-CFD based methods, which continue to be the principal tools of fan noise prediction, the blade row acoustic response is computed using simplified versions of the cascade geometry and/or the governing equations.
At the simplest end of the spectrmn, approximations in both the geometry and goveming equations yield analytical or semi-analytical expressions for the acoustic response. Generally speaking, the approximations involve replacing the cascade with zero thickness fiat plates and iinearizing the governing equations about a uniform base flow. In this class of methods the acoustic response can be determined either directly by solving the governing equations or indirectly through the use of the annular duct Green's functions which couple the unsteady surface pressure distribution on the cascade to the duct acoustic modes.
However, even at that level of approximation, exact solutions are still difficult to obtain, so further simplifications are tnade. Some simplifications are based on replacing the annular cascade by a rectilinear one at some representative radius and computing the acoustic response for the resulting system (e.g.,
Goidstein 11976]). In other simplifications, the annular geometry is retained but the cascade unsteady pressure distribution (henceforth, called the cascade unsteady response)
is computed at a number of spanwise 2D strips and the resulting distribution assembled and coupled to the duct acoustic modes (e.g., Ventres et. al 119821) .
While in both cases useful information regarding general trends can be obtained, it is highly desirable to retain as much of the cascade and unsteady response three-dimensionality as possible. Such 3D models have been explored by, among others, Namba these approaches generally require the use of collocation techniques or numerical solutions of partial differential equations.
In this paper, a closed form approximate model of cascade noise is presented which takes into account the annular geometry of the blade row throughout the analysis.
The noise field is computed by coupling the cascade unsteady response to the duct acoustic modes in file standard manner. However, asymptotic methods have been employed to circumvent the need for nmnerical solution of the governing equations by tailoring the model to the high frequency noise regime. Given the current interest in high-speed fans, this high frequency specialization, far from being a limitation, is in fact an asset since the numerically based methods have inherent difficulties handling the Ifigh frequency response regime.
In what follows, the development of two new elements in modeling of annular cascade noise will be presented.
The first element involves a representation of annular duct modes that is not predicated on the use of the Bessel functions. holds as long as 0 is small (i.e., near the reference airfoil). The axial and radial coordinates are normalized by the tip radius, as are the local coordinates. _r = r n / rr is the hub-to-tip radius ratio with rn and rr denoting tile hub and tip radii. In what follows, it is most convenient to describe the duct acoustic field in terms of the global coordinate system, while the building block of the cascade unsteady response is most easily derived in the local coordinate system.
The representation of the duct acoustic field is outlined first followed by the construction of the cascade unsteady response model.
In both instances.
we will take advantage of asymptotic methods to simpli_¢ the analysis. The connection between the two elemet ts is then established using tile Green's function method. 
NASA/TM--
is the acoustic pressure, a o the nominal speed of sound of the medium and U the base flow.
Using the normal mode expansion approach, the most general form of p' with Imnnonic time dependence is given by
where to is the frequency and m the spinning (i.e., circumferential) mode order. Depending on whether one is concerned with tone noise or broadband noise, there will-be a sum or an integral over all frequencies of interest. 
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The lerm x 2 in these equations is the separation constant.
We solve for the second equation first and postpone the solution of the first one until later in the analysis. indicates that x,,,, is an approximation to the exact eigenvalue.
Eq. (9) is a simple formula but a remarkably accurate one as is shown in In Figure 3 , a comparison of the exact and approximate eigenfunctions is shown. The first four normalized radial eigenfunctions are plotted for tht_ circumferential mode m = 6 at cr = 0.5.
Except for the lowest order approximate eigenfunction, which .qlows nmrked difference from the exact one, the rest arc consistently close to the exact eigenfunctions with the agreement improving as n increases. The fourth one, in particular, is virtually indistinguishable from the exact eigenfunction.
These results, and those shown _n Figure 2 , demonstrate that the formulas given by Eqs. 
where the plus sign indicates downstream running acoustic waves and the minus sign upstream running ones. Combining the expressions for f,, and g,,,, the general representation for the acoustic pressure field inside the duct is given by
For a given geometry and operating condition, only a finite number of terms in the double infinite sums will constitute propagating waves. Waves (i.e., modes), for which k_ is complex, are cut-off and do not contribute to the acoustic field.
Annular Cascade Unsteady Response Model
The complications introduced by the annular geometry of the cascade generally require numerical solution of the equations governing the unsteady pressure distribution on the cascade. To avoid a numerical treatment, the unsteady response will be constructed in a manner similar to that developed by Envia and Kerschen 119861 for the radiated noise from a rectilinear cascade.
Taking advantage of the weak coupling between the adjacent airfoils at high frequencies, these authors envisaged the cascade noise field as a sum over the individual airfoil fields with the blade-to-blade periodicity enforced.
Here we modify the procedure to account for the annular geometry and deduce the unsteady pressure distribution on the cascade from the local acoustic field. The solution is of course approximate, but as was shown in the above reference, the approximation provides quite reasonable accuracy at high frequencies.
The starting point for construction of the cascade response is the single airfoil solution.
This solution is derived for the reference (i.e., zeroth) airfoil using the Wiener-Hopf technique in terms of "leading edge" and "trailing edge" responses that are combined to produce the response of the airfoil to incident flow perturbations.
The details of the derivation, as well as a discussion of some sample calculations, are given in
Appendix2. Herewc present thc final results cxprcssed in file duct coordinate systcm. Thc solution is given by at)
,ls--
where c is the airfoil chord. The definitions for all the variables appearing in these equations can be found in Appendix 2.
The triple sununation provides the response over all possible gust modes that mighl exist inside the annulus as discussed in the beginning of Appendix 2. It should be emphasized that, at this point in the analysis, pA is the unsteady pressure field in the vicinity of the zeroth airfoil and not just on its surface alone.
After the cascade solution is constructed, the final expressions will be evaluated on the surface of the cascade.
Since the circumferential positions of any airfoil in the cascade is related to the circumferential position of the reference airfoil tlu'ough 
where we have taken advantage of the circunfferential dependence of tile gust as given by Eq. (A2.1) in Appendix 2. This suggests that an identical connection must hold between the responses of other airfoils and the response of the reference airfoil. That is to say,
r, Oq,t) e iqu¢ (17)
Adding up the contribution of all airfoils we find If the cut-off condition is satisfied for the tip radius, it will be satisfied for all other radii. In a typical computation, a description of the incident gust field inside the annulus will be developed first. This will be done according to Eq. (A2.1) and then converted to an equivalent description in the local airfoil coordinate system as given by Eqs. (A2.2a through A2.2c). The resulting modal expansion will then be used as input to the cascade unsteady pressure formula (i.e., Eq (27)).
The result will be in turn integrated according to Eq. (28) to provide the modal pressure amplitudes C,,,'s. These will then be inserted in the expansion given by Eq. (13) to provide a description of the acoustic field inside the duct setup by the interaction of the incident gust with the annular cascade.
Eq. (13) gives a description of the acoustic field in terms of duct modal pressure. However, such quantities as acoustic power can be easily calculated using the applicable formulas from Eq. (l 3).
In principle, the steps outlined above will apply whether one is interested in tone noise or in broadband noise. But, in practice, some reformulation of the formulas will be required for broadband noise calculations.
In particular, since the description of the turbulent gust can only be given in terms of spatial correlations, the formulas derived in this paper must be recast in terms of expected values of acoustic power instead of acoustic pressure. The methodology, however, will remain exactly the same.
In an upcoming paper, detailed computations using the formulas derived here will be presented.
CONCLUSIONS
In sunnnary, closed fonn asymptotic expressions for computing the noise field of an annular cascade inside a duct containing a uniform flow have been developed.
By tailoring the analysis to the high freque_cy regime, numerical treatment of the equations involved has been avoided altogether.
There are two principal new results in this paper. The first is an alternative description of the duct acoustic modes that does not rely on the often-used Cascade discrete tone and broadband noise predictions using the new formulas will be presented in a future paper along with comparisons with results from simpler 2D-strip based models and rectilinear cascade models.
APPENDIX ! Asymptotic
Solution of the Radial Eigenvalue Problem
The WKB approximate solution of Eq. = x_,/2 + O(x'-2) . . (AI.7) is a remarkably simple formula for the approximate eigenvalues of the annulus. The accuracy of this formula is investigated in the analysis section of this paper.
Inserting the expressions for C 2 and g,,, APPENDIX 2
Asymptotic
Solution Of The Single Airfoil Unsteady Pressure Distribution
It is mathematically more convenient to solve this problem in terms of the acoustic velocity potential (denoted here by _ ) instead of the pressure.
Once the solution is obtained, the pressure can be calculated from ¢ via the linearized momentum equation, i.e., p' = -p D°¢t where p is the ambient density. Dt
As was indicated earlier, the unsteady pressure response will be formulated and solved in the local coordinate system (_,t/,g').
It is, therefore, necessary to represent the incident gust in these coordinates.
The most general representation, in the global coordinate system, of the relevant component of the convected gust is given by   2±   .,(x.,.o,t) The exact solution of Eq. (A2.3a) , subject to all of the specified boundaD' conditions, can not be obtained in closed form.
But, it has long been established that the solution may be developed as a convergent series ¢_= ¢1 + _2 +"" in which each term is a solution of Eq (A2.3a) but with one of the two edges moved off to infinity. As a result, for each term in this sequence, some of the boundary conditions can be ignored leading to a simpler problem which can be solved in closed form. Landahl [1958] has shown that file series converges for all frequencies with the rote of convergence increasing rapidly as the frequency is increased. It will be shown later that, for our purposes, the first two terms in the sequence provide sufficient accuracy.
The Leading Edge Solution
The leading edge solution #1 must satisfy Eq. {[z-(,,,.,,:,,,,) ]_.-.,t cos(lag") (A2.1 I)
(A2.3a) subject to
The plus sign indicates the pressure on the upper surface and the minus sign the pressure on the lower surface.
Since solution. Hence, we shall tnmcate the series at this point :rod use the two-term representation in the subseqaent analysis.
In Figure 5 the predicted real and inmginary parts oi"the unsteady pressure distribution for a single airfoil as given by Eq. (A2.19) ) are shown for a more realisti,; gust distribution given by ug = t_62(r ) e ir*_ with y,_=22, tr=0.5 and M_=03. The radial structure of the gust means that there will be a spectrum of spanwise wavenumbers as dictated by Eq. (A2.2a) and their associated spanwise amplitudes as given by Eq. (A2.2c).
Only the first five terms in that series were taken into account for this calculation since the higher order terms result in cut-off waves (i.e., 2', given by Eq. (A2.6c), is complex for 1>5). The corresponding amplitudes of the spanwisc modes are given by (0.067, 0.127, 0.375, -0.028, -0.004). For the sake of comparison the corresponding 2D-strip approximation to the unsteady pressure distribution is plotted in Figure 6 . For this calculation, the variation of the gust amplitude along the span was taken into account but not its spanwise wavenumber spectrum. While overall structure of the 3D and 2D-strip distributions look similar, they exhibit differences in their detail.
A discussion of the importance of these differences and their effect on file noise fields is postponed to a later paper.
In order to utilize the formulas developed in this appendix in the analysis outlined in the report, it is necessary to express them in the duct coordinates. After some simplification and grouping of terms, the .
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